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Abstract 
The conditional velocity time averages (⟨Ui|ξ⟩) and conditional mixture fraction time averages (⟨Φ|ωi⟩) 
were computed based on the Eulerian approach from the experimental data measured in a macroscale 
multi-inlet vortex chemical reactor. The conditioning events were determined by equally sized intervals of 
the sample space variable for the mixture fraction (ξ) and the velocity vector (ωi). The experimental data, 
which consisted of instantaneous velocities and concentration fields for two Reynolds numbers (Re = 
3250 and 8125), were acquired using the simultaneous stereoscopic particle image velocimetry (stereo-
PIV) and planar laser induced fluorescence techniques. Two mathematical models, the linear 
approximation and probability density function (PDF) gradient diffusion, were validated by experimental 
results. The results of the velocity conditioned on the mixture fraction demonstrated that the linear model 
works well in a low turbulence region away from the reactor center. Near the reactor center, high velocity 
gradients coupled with low concentration gradients reduce the accuracy of the linear model predictions. 
Nevertheless, an excellent agreement was found for the conditional events within ±2Φrms (mixture 
fraction root mean square). Due to lower concentration gradient in the tangential direction, the linear 
model better predicted the tangential velocity component for all locations investigated. The PDF model 
with an isotropic turbulent diffusivity performed inadequately for the tangential and axial velocity 
components. A modified version of the PDF model that considers the three components of the turbulent 
diffusivity produced a better agreement with the experimental data especially in the spiral arms regions of 
significant concentration gradients. Furthermore, the mixture fraction conditioned on the velocity vector 
components showed a more linear behavior near the reactor center, where the PDF of the mixture fraction 
is a Gaussian distribution. As the concentration gradients became prominent away from the reactor, 
⟨Φ|ωi⟩ also deviated from the linear pattern. This was especially remarkable for the mixture fraction 
conditioned on the tangential velocity. The overall prediction of ⟨Φ|ωi⟩ improves at higher Reynolds 
number as the fluid mixing is enhanced. 
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ABSTRACT
The conditional velocity time averages (⟨U i|ξ⟩) and conditional mixture fraction time averages (⟨Φ|ωi⟩) were computed based on the Eulerian
approach from the experimental data measured in a macroscale multi-inlet vortex chemical reactor. The conditioning events were determined
by equally sized intervals of the sample space variable for the mixture fraction (ξ) and the velocity vector (ωi). The experimental data, which
consisted of instantaneous velocities and concentration fields for two Reynolds numbers (Re = 3250 and 8125), were acquired using the simul-
taneous stereoscopic particle image velocimetry (stereo-PIV) and planar laser induced fluorescence techniques. Two mathematical models,
the linear approximation and probability density function (PDF) gradient diffusion, were validated by experimental results. The results of
the velocity conditioned on the mixture fraction demonstrated that the linear model works well in a low turbulence region away from the
reactor center. Near the reactor center, high velocity gradients coupled with low concentration gradients reduce the accuracy of the linear
model predictions. Nevertheless, an excellent agreement was found for the conditional events within ±2Φrms (mixture fraction root mean
square). Due to lower concentration gradient in the tangential direction, the linear model better predicted the tangential velocity compo-
nent for all locations investigated. The PDF model with an isotropic turbulent diffusivity performed inadequately for the tangential and axial
velocity components. A modified version of the PDF model that considers the three components of the turbulent diffusivity produced a better
agreement with the experimental data especially in the spiral arms regions of significant concentration gradients. Furthermore, the mixture
fraction conditioned on the velocity vector components showed a more linear behavior near the reactor center, where the PDF of the mixture
fraction is a Gaussian distribution. As the concentration gradients became prominent away from the reactor, ⟨Φ|ωi⟩ also deviated from the
linear pattern. This was especially remarkable for the mixture fraction conditioned on the tangential velocity. The overall prediction of ⟨Φ|ωi⟩
improves at higher Reynolds number as the fluid mixing is enhanced.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5120766., s
NOMENCLATURE
DTir anisotropic turbulent diffusivity (m
2), DTir = −
⟨Φ′ui′⟩
d⟨Φ⟩
dr
Uz axial component of the velocity (m/s)
a, b characteristic parameters of the beta distribution
DT isotropic turbulent diffusivity (m2)
⟨Yα|ξ⟩ mean mass fraction of species α conditioned on the mix-
ture fraction
⟨N|ξ⟩ mean scalar dissipation conditioned on the mixture frac-
tion
⟨Wα|ξ⟩ mean rate of formation of species α conditioned on the
mixture fraction
PΦ probability density function of the conserved scalar
Ur radial component of the velocity (m/s)
Ro reactor radius (m)
Re Reynolds number
U tangential component of the velocity (m/s)
Y transverse location of interest within the flow
Yξ transverse location where the local mean mixture fraction
is equal to ξ
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⟨u′iΦ′⟩ turbulent scalar flux (m/s)
⟨U i⟩ unconditional mean velocity (m/s)
u′i velocity fluctuation (m/s)
⟨U i|ξ⟩ velocity time average conditioned on the mixture fraction
(m/s)
Greek letters
δ distance from where the mean mixture fraction is 0.1 to
where it is 0.9 (m)
Γ gamma function
Φ′ mixture fraction fluctuation
⟨Φ|ωi⟩ mixture fraction time average conditioned on the velocity
vector
ξ sample space variable for the mixture fraction
Φ unconditional mean mixture fraction
I. INTRODUCTION
The development of accurate numerical methods to inves-
tigate turbulent flow is a challenging problem that has attracted
many researchers.1–4 Some of the most investigated numerical meth-
ods include Direct Numerical Simulation (DNS),5–7 Large Eddy
Simulations (LES),8–11 Reynolds Averaged Navier Stokes (RANS)
simulations,12,13 and Dynamic Delayed detached Eddy Simulation
(DDES).14 While these methods can provide adequate predictions
of the turbulent flow field, they must include additional mixing and
reaction models to handle the complexities of nonlinear turbulent
reacting flows. Turbulent reacting flows occur in numerous chemical
processes such as flash nanoprecipitation for producing uniformly
sized functional nanoparticles,34,35 combustion,10,20,25 and chemical
vapor deposition,36 among others.
Klimenko15,18 and Bilger16,17 introduced the conditional
moment closure (CMC) method for modeling nonlinear turbu-
lent reactive flows. In conditional moment closure, the closure
is obtained by modeling higher-level moments in terms of lower
moments. First moments are means or averages, second moments
are variances and covariances of the fluctuations about the averages,
and third moments are triple correlations between the fluctuations.18
The CMC model is derived by averaging the conserved and reactive
transport equations conditioned on a value of the conserved scalar.19
An example of a CMC method for predicting turbulent jet flames
during combustion is defined as follows:18
∂⟨Yα∣ξ⟩
∂t
+ ⟨U∣ξ⟩ ⋅ ∇⟨Yα∣ξ⟩ − ⟨N∣ξ⟩
∂2⟨Yα∣ξ⟩
∂ξ2
= ⟨Wα∣ξ⟩, (1)
where ⟨Yα|ξ⟩ is the mean mass fraction of species α conditioned on
the mixture fraction, ⟨U|ξ⟩ is the conditional mean velocity, ⟨N|ξ⟩
is the conditional mean scalar dissipation, and ⟨Wα|ξ⟩ is the con-
ditional mean rate of formation of species α per unit mass of the
mixture. However, in Eq. (1), ⟨U|ξ⟩ and ⟨N|ξ⟩ are unclosed terms
and need to be calculated separately. These unclosed terms can
be modeled from information already existing on the velocity and
mixing fields.19 Experimental techniques can be used to produce
large amounts of data necessary for modeling the conditional means
in turbulent flows. However, such techniques are often complex
and expensive. To address this problem, simple analytical methods,
which rely on smaller data sets, have been developed to predict the
conditional mean field. These methods include: the linear approx-
imation of Kuznecov and Sabelnikov,20 the Li and Bilger model,21
and Pope’s gradient diffusion model.22
The linear model defined in Eq. (2) is used to compute the con-
ditional mean velocity. This is derived based on the assumption that
the joint probability density function (PDF) of the conserved scalar
and velocity is a Gaussian distribution
⟨Ui∣ξ⟩ = ⟨Ui⟩ + ⟨u′iΦ
′
⟩
(ξ − ⟨Φ⟩)
⟨Φ′2⟩
. (2)
In Eq. (2), ⟨Φ⟩ is the unconditional mean mixture fraction, ξ is the
sample space variable for Φ, ⟨U i|ξ⟩ is the velocity conditioned on
Φ, Φ′ is the mixture fraction fluctuation, ⟨U i⟩ is the unconditional
mean velocity, ⟨u′iΦ′⟩ is the turbulent scalar flux, and the index i
is either r for radial, for tangential, or z for the axial component
of the velocity in cylindrical coordinates. Note that the multi-inlet
vortex reactor has a cylindrical geometry, and thus, cylindrical coor-
dinates are used throughout the work presented here. Previous
investigations21,23,24 of passive scalar mixing have shown that the
accuracy of the linear model predictions is closely related to the local
mean mixture fraction in physical space. Near the local mean mix-
ture fraction, a linear relationship exists between the conditional
mean transverse velocity and the mixture fraction fluctuations.21
However, the prediction of the mean transverse velocity becomes
poor as the mixture fraction fluctuation increases due to the non-
Gaussian and nonlinear distribution of the mean mixture fraction
profile.21 In their study of the passive scalar mixing in a confined
rectangular turbulent jet and wake flow, Feng et al.23,24 confirmed
the latter two findings of Li and Bilger.21 However, Feng et al.23,24
also showed that the conditional mean streamwise velocity is poorly
predicted by the linear model.
The Li and Bilger model,21 defined in Eq. (3), was derived from
the dimensional analysis of experimental data by using a mixing
length argument to address some of the limitations of the linear
model. This model is defined by the expression
⟨Ui∣ξ⟩ = ⟨Ui∣ξ = ⟨Φ⟩⟩ + α
Urms
δ
(Y − Yξ), (3)
where Y is the transverse location of interest, and Yξ is the location
where the local mean mixture fraction is equal to ξ. δ is defined as
the distance from where the mean mixture fraction is 0.1 to where it
is 0.9.20 α is a constant of order unity.19
Pope’s gradient diffusion model presented in Eq. (4) and its
formulation is based on the PDF of the scalar and its gradient,22
⟨Ui∣ξ⟩ = ⟨Ui⟩ −
DT
PΦ
∂PΦ
∂r
, (4)
where DT is the turbulent diffusivity, r is the radial position (the
transverse location in a cylindrical swirling flow), and PΦ is the PDF
of the conserved scalar. PΦ is approximated by a beta distribution,
PΦ(ξ) =
Γ(a + b)
Γ(a)Γ(b)
ξa
−1
(1 − ξ)b−1, (5)
where Γ is the gamma function. The parameters a and b can be
determined from the mixture fraction mean and variance using the
following expressions:23,24
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FIG. 1. (a) Three-dimensional view of the test section view; (b) top view of the test
section.
a = ⟨Φ⟩
⎛
⎝
⟨Φ⟩(1 − ⟨Φ⟩)
⟨Φ′2⟩
⎞
⎠
(6)
and
b = a
1 − ⟨Φ⟩
⟨Φ⟩
. (7)
The PDF gradient diffusion model has been used by sev-
eral researchers to evaluate the mean conditional velocity and
FIG. 2. A typical instantaneous stereo-PIV/PLIF realization for Re = 8125 at 1/2
reactor height. The vectors represent the velocity. The mixture fraction of the
passive scalar is represented in color on the scale of 0–1.
concentration terms.19,22–25 In their studies of turbulent jet and wake
flows, Feng et al.23,24 further noted that by using an anisotropic
turbulent diffusivity tensor in Eq. (4), the prediction of both trans-
verse and streamwise conditional mean velocities can be greatly
improved.
Many studies20–29 on conditional statistics in turbulent mix-
ing have validated the linear and PDF gradient diffusion models in
a wide range of geometries. While the contribution of these stud-
ies is crucial for solving the CMC methods, there is still a lack of
similar studies on complex turbulent mixing reactors such as the
macroscale multi-inlet vortex reactor (macro-MIVR). The objec-
tive of the current study is to validate the predictions of the lin-
ear and PDF gradient diffusion models using experimental data
FIG. 3. Mean concentration contour at
1/2 reactor height. The streamline base-
points locations are indicated by capi-
tal letters (A, B, C). (a) Streamline X
for Re = 8125. (b) Streamline Y for
Re = 3250.
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FIG. 4. The unconditional mean velocity fields for Re = 8125 at 1/2 reactor height.
(a) Tangential component, U . (b) Axial component, UZ. (c) Radial component, Ur.
from this turbulent, swirling flow. These data, that were measured
in the macro-MIVR using the simultaneous stereoscopic particle
image velocimetry (stereo-PIV) and planar laser induced fluores-
cence (PLIF) techniques, include the components of the mean veloc-
ity vector conditioned on the mixture fraction and the mean mixture
fraction conditioned on the velocity vector at various streamline
locations within the reactor.
II. OVERVIEW OF EXPERIMENTAL METHODOLOGY
The simultaneous measurements of the instantaneous veloc-
ity and concentration fields in the macro-MIVR were obtained
using stereo-PIV and PLIF. These measurement techniques are thor-
oughly explained in our previous investigation of the turbulent
mixing performance of the macro-MIVR.30 Thus, the reactor and
experimental techniques are only briefly summarized here.
As shown on Fig. 1, the macro-MIVR reactor consists of four-
square inlet channels that are tangentially connected to a cylindrical
mixing chamber and one common cylindrical outlet. The detailed
dimensions of the reactor test section can be found in our previous
investigation.30 The experimental data were taken in three measure-
ment planes located at different heights in the reactor (1/4, 1/2, 3/4
heights).30 Each of the four inlets’ water streams was regulated at
either 0.08 or 0.2 l/s. The two investigated Reynolds numbers of
FIG. 5. The probability density function of
the mixture fraction fitted with Gaussian
distribution and beta-PDF curves for
Re = 8125 at 1/2 the reactor height. (a)
For basepoint A. (b) For basepoint B. (c)
For basepoint C.
Phys. Fluids 31, 115106 (2019); doi: 10.1063/1.5120766 31, 115106-4
Published under license by AIP Publishing
Physics of Fluids ARTICLE scitation.org/journal/phf
3250 and 8125 are based on a single inlet flow rate and the hydraulic
diameter.
The flow field was seeded with hollow glass spheres with a nom-
inal diameter of 11.7 μm at a concentration of 5.9 g/cm3 for stereo-
PIV measurements and with Rhodamine 6G at a concentration of
45 mg/L for PLIF measurements. The illumination was provided by a
double-pulsed Nd:YAG laser that emits two independent light pulses
of 532 nm wavelength and a maximum of 120 mJ energy. Images
were captured by 12-bit charge-coupled device (CCD) cameras at a
frequency of 4 Hz. The spatial resolution of the PLIF measurements
was found to be about 17 μm and the spatial resolution was 1.45 mm
for the stereo-PIV measurements.
III. RESULTS AND DISCUSSION
A. Dominant flow structures in the macro-MIVR
The geometry of the macro-MIVR allows for the fluid to swirl
from the inlets toward the reactor center forming a tornadolike tur-
bulent vortex. Figure 2 presents a sample of a typical realization of
the instantaneous stereo-PIV/PLIF results for Re = 8125 at 1/2 reactor
height. The results show that the passive scalar mixing is rapid near
the center of the reactor. Consequently, the concentration is nearly
homogeneous there with a mixture fraction of 0.5. However, previ-
ous studies have shown that the fluid is not completely mixed at the
center, as the mixture fraction variance was found to be nonzero.30,31
FIG. 6. Comparison between experimental conditional velocity time averages with the linear model prediction for Re = 8125 at 1/2 reactor height. The streamline basepoints
locations are indicated by capital letters (A, B, C). (a) ⟨U |ξ⟩ at basepoint A. (b) ⟨Ur|ξ⟩ at basepoint A. (c) ⟨UZ|ξ⟩ at basepoint A. (d) ⟨U |ξ⟩ at basepoint B. (e) ⟨Ur|ξ⟩ at
basepoint B. (f) ⟨UZ|ξ⟩ at basepoint B. (g) ⟨U |ξ⟩ at basepoint C. (h) ⟨Ur|ξ⟩ at basepoint C. (i) ⟨UZ|ξ⟩ at basepoint C.
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Away from the reactor center (r/Ro > 0.2), the vortex and turbulent
diffusion weaken. As a result, the fluid is less mixed there, and spiral
arms of the unmixed fluid with significant concentration gradients
are observed.
To better visualize the spiral arms of the concentration, the
mean concentration is plotted in Fig. 3(a) for Re = 8125 and Fig. 3(b)
for Re = 3250. These means were produced by ensemble averag-
ing the instantaneous flow fields of 5000 individual realizations. The
greatest mixing is expected to occur in the high concentration gra-
dient regions, and the observed gradients may allow for the mix-
ing to be accurately described, using conditional statistics models.
Moreover, Fig. 3 shows the streamlines that pass through high gra-
dient regions of interest. These streamlines will be used to pick the
basepoints for the conditional velocity and concentration mixture
fraction profiles.
To gain further insight into the flow behavior, profiles of
the unconditional means of the three velocity components for
Re = 8125 at 1/2 reactor height are presented in Fig. 4. These were
obtained by ensemble averaging the mean velocity profiles across
16 different Azimuth angles. Note that our previous works con-
cluded that the velocity field in the reactor is axisymmetric for the
range of radii presented in Fig. 4. All three velocity components
FIG. 7. Comparison between experimental conditional velocity time averages with the linear model prediction for Re = 3250 at 1/2 reactor height. The streamline basepoints
locations are indicated by capital letters (A, B, C). (a) ⟨U |ξ⟩ at basepoint A. (b) ⟨Ur|ξ⟩ at basepoint A. (c) ⟨UZ|ξ⟩ at basepoint A. (d) ⟨U |ξ⟩ at basepoint B. (e) ⟨Ur|ξ⟩ at
basepoint B. (f) ⟨UZ|ξ⟩ at basepoint B. (g) ⟨U |ξ⟩ at basepoint C. (h) ⟨Ur|ξ⟩ at basepoint C. (i) ⟨UZ|ξ⟩ at basepoint C.
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peak in the vortex core region near the center of the reactor. It
is in this region that the vorticity strength and turbulent inten-
sity are also the highest. Note that the axial mean velocity is neg-
ative nearest the center of the reactor. This is due to a backward,
recirculating flow that exists at the vortex center near the reac-
tor bottom wall.30,33 As expected for a swirling flow, the tangential
velocity is the most dominant component. Previous investigation
of the flow characteristics within the macro-MIVR has shown that
the tangential velocity can be modeled using the Batchelor vortex
model.32
B. Probability density function of the passive scalar
concentration
Probability density functions (PDFs) of the passive scalar con-
centration were calculated from the experimental data at various
basepoint locations. To determine the PDFs, the mixture fraction
(Φ) of the concentration was divided into a defined number of inter-
vals or bins. These bins were also used to define the conditional
mixture fraction events for the conditional statistics. The mixture
fraction values fall within the interval of 0–1. To produce the PDF
FIG. 8. Comparison between experimental conditional velocity time averages with the simple gradient PDF model prediction for Re = 8125 at 1/2 reactor height. The streamline
basepoints locations are indicated by capital letters (A, B, C). (a) ⟨U |ξ⟩ at basepoint A. (b) ⟨Ur|ξ⟩ at basepoint A. (c) ⟨UZ|ξ⟩ at basepoint A. (d) ⟨U |ξ⟩ at basepoint B.
(e) ⟨Ur|ξ⟩ at basepoint B. (f) ⟨UZ|ξ⟩ at basepoint B. (g) ⟨U |ξ⟩ at basepoint C. (h) ⟨Ur|ξ⟩ at basepoint C. (i) ⟨UZ|ξ⟩ at basepoint C.
Phys. Fluids 31, 115106 (2019); doi: 10.1063/1.5120766 31, 115106-7
Published under license by AIP Publishing
Physics of Fluids ARTICLE scitation.org/journal/phf
results presented in Fig. 5, 20 bins of 0.05 size were used. The prob-
ability distribution of the experimental data were fitted with both
Gaussian distributions and beta-PDF curves. These smooth curves
were used to minimize the noise when the PDFs were differentiated
to determine the predictions of the gradient PDF model. The results
presented in Fig. 5 show that both experimental data and beta-
PDF profiles approach the Gaussian (normal) distribution for the
streamline point A picked near the reactor center. However, away
from the reactor center, the mixture fraction deviates from a Gaus-
sian distribution as a result of high concentration gradients. The
results also suggest that the beta-PDF provides the most adequate
experimental data approximation away from the reactor center
[Figs. 5(b) and 5(c)], and thus, the beta-PDF was used in the gradient
diffusion model.
C. Prediction of the velocity conditioned on mixture
fraction
1. Linear model
The linear model, previously defined in Eq. (2), is one of the
simplest mathematical tools used to predict the conditional time
averages from smaller data sets as opposed to computing such
FIG. 9. Comparison between experimental conditional velocity time averages with the modified PDF model prediction for Re = 8125 at 1/2 reactor height. The streamline
basepoints locations are indicated by capital letters (A, B, C). (a) ⟨U |ξ⟩ at basepoint A. (b) ⟨Ur|ξ⟩ at basepoint A. (c) ⟨UZ|ξ⟩ at basepoint C. (d) ⟨U |ξ⟩ at basepoint B.
(e) ⟨Ur|ξ⟩ at basepoint B. (f) ⟨UZ|ξ⟩ at basepoint B. (g) ⟨U |ξ⟩ at basepoint C. (h) ⟨Ur|ξ⟩ at basepoint C. (i) ⟨UZ|ξ⟩ at basepoint C.
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quantities directly from experimentally measured data. The simul-
taneous stereo-PIV and PLIF measurements of the instantaneous
velocity and concentration fields provide the data needed to vali-
date the accuracy of the linear model for the swirling flow in the
macro-MIVR.
The results of the three components (tangential, radial, and
axial) of the velocity conditioned on the mixture fraction (Φ) at
1/2 reactor height are presented in Fig. 6 for Re = 8125 and Fig. 7
for Re = 3250. These show that for the mixture fractions within
±2Φrms of the local mean, the linear model can accurately predict the
conditional velocity for basepoint A located in the vortex core region
near the center of the reactor (r/Ro = 0.1). In this region, the fluid is
nearly (but not completely) homogeneously mixed and the probabil-
ity density function of the mixture fraction is a Gaussian distribution
[Fig. 5(a)]. As previously noted, near the reactor center, there is a
peak in turbulence intensity which causes significant variations in
the velocity field. Consequently, the conditional velocity averages
tend to deviate from the linear predictions for the mixture fractions
values far from the local mean. Moreover, this nonlinear behavior
and scattering of the velocity conditional averages beyond ±2Φrms
FIG. 10. Comparison between experimental conditional velocity time averages with the modified PDF model prediction for Re = 3250 at 1/2 reactor height. The streamline
basepoints locations are indicated by capital letters (A, B, C). (a) ⟨U |ξ⟩ at basepoint A. (b) ⟨Ur|ξ⟩ at basepoint A. (c) ⟨UZ|ξ⟩ at basepoint A. (d) ⟨U |ξ⟩ at basepoint B.
(e) ⟨Ur|ξ⟩ at basepoint B. (f) ⟨UZ|ξ⟩ at basepoint B. (g) ⟨U |ξ⟩ at basepoint C. (h) ⟨Ur|ξ⟩ at basepoint C. (i) ⟨UZ|ξ⟩ at basepoint C.
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range also results from the dependence of the mixture fraction stan-
dard deviation and root mean square terms [(ξ − ⟨ϕ⟩)/ϕrms]. Note
that the latter two terms are very small near the reactor center. These
results agree with Li and Bilger’s21 suggestion that the linear model
is most accurate nearest the local mean mixture fraction in physical
space. Moreover, the tangential or streamwise conditional velocity is
found to better agree with the linear prediction because of lower con-
centration gradients in the streamline direction compared to radial
and out of plane (axial) directions. This is also consistent with the
results of the study on conditional statistics for passive-scalar mixing
in a confined rectangular turbulent jet and wake by Feng et al.23,24
For basepoints B and C picked away from the reactor center, the
linear model predictions of the velocity tensor components improve.
The experimentally measured conditional velocities are more closely
clustered around the linear predictions and except for the condi-
tional axial velocity which exhibits a deviation from the predictions
for mixture fraction events more than ±3Φrms. Of course, events
greater than three standard deviations from the mean are extremely
rare and have probabilities of only 0.25%.
2. Gradient PDF model
The Pope gradient diffusion model previously defined in Eq. (4)
was also used to predict the conditional velocity time averages. The
results presented in Fig. 8 show that predictions are inadequate for
the tangential and axial velocity components. This is because the
radial component of the turbulent diffusivity was used in the PDF
model for all velocity components predictions. However, the three-
dimensional complexity of the flow within the macro-MIVR results
in varying turbulent scalar flux and turbulent diffusivity in all three
spatial directions. Therefore, Eq. (4), which assumes an isotropic
turbulent diffusivity, may not be suitable for predicting all three
FIG. 11. Conditional mixture fraction time averages at 1/2
plane for Re = 8125. The streamline basepoints locations
are indicated by capital letters (A, B, C). (a) ⟨Φ|ω ⟩ at
basepoint A. (b) ⟨Φ∣ωr⟩ at basepoint A. (c) ⟨Φ|ω ⟩ at
basepoint B. (d) ⟨Φ∣ωr⟩ at basepoint B. (e) ⟨Φ|ω ⟩ at
basepoint C. (f) ⟨Φ∣ωr⟩ at basepoint C.
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components of the conditional velocity time averages. Instead, the
following equation was used:
⟨Ui∣ξ⟩ = ⟨Ui⟩ −
DTir
PΦ
∂PΦ
∂r
. (8)
This is a modified version of Eq. (4) that accounts for three-
components of the turbulent diffusivity tensor. Note that the stream-
line was approximated to be roughly a circle for calculating the
turbulent diffusivity (DTir = −
⟨Φ′ui′⟩
dΦ
dr
). Therefore, the concentration
gradient in the radial direction was used. Previous research by Feng
et al.23,24 demonstrated that Eq. (4) is not accurate for predicting
both transverse and streamwise velocities in confined rectangular
jets and wakes.
Figures 9 and 10 present the results of the comparison between
experimental data and the transported PDF gradient model pre-
dictions of the velocity conditioned on the mixture fraction (ξ) at
basepoints (A, B, C) for Re = 8125 and 3250 at 1/2 reactor height.
This modified version of the gradient PDF model performs better
than the model based on isotropic assumption of the turbulent dif-
fusivity. For streamline points B and C that are located at the edge
of the concentration spiral arms, the modified gradient PDF model
shows a good agreement with experimental data. However, for base-
point A located in the turbulence core region near the reactor center,
the prediction accuracy of the PDF model is reduced. As shown
in our previous study,30 because the fluid is nearly homogenously
mixed in this region, the mean concentration gradient is very small.
Consequently, the turbulent diffusivity appears to be artificially high
FIG. 12. Conditional mixture fraction time averages at 1/2
plane for Re = 3250. The streamline basepoints locations
are indicated by capital letters (A, B, C). (a) ⟨Φ|ω ⟩ at
basepoint A. (b) ⟨Φ∣ωr⟩ at basepoint A. (c) ⟨Φ|ω ⟩ at
basepoint B. (d) ⟨Φ∣ωr⟩ at basepoint B. (e) ⟨Φ|ω ⟩ at
basepoint C. (f) ⟨Φ∣ωr⟩ at basepoint C.
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and noisy due to dividing the turbulent scalar flux with a very small
value.
D. Prediction of the conditional concentration
mixture fraction time averages
In a manner similar to the conditional velocity time averages,
the mixture fraction can be conditioned on the velocity components
(UO---, Ur, Uz). This analysis can enhance the understanding of the
correlation of the mixture fraction with the velocity vector at loca-
tions of interest. Moreover, this analysis is important for validating
the capability of the linear model to predict the conditional mixture
fraction averages.
To compute the conditional mixture fraction from experimen-
tal data, individual realizations of each velocity component are
sorted into 20 bins of equal sizes. These velocity bins are then used as
the conditioning events. The predictions of the conditional mixture
fraction were calculated from the linear model defined in Eq. (9).
This is analogous to Eq. (2) of the conditional velocity,
⟨Φ∣ωi⟩ = ⟨Φ⟩ + ⟨u′iΦ
′
⟩Φ′
(ωi − ⟨Ui⟩)
⟨u2i ⟩
. (9)
In Eq. (9), ⟨Φ|ωi⟩ is the mixture fraction conditioned on the velocity,
⟨Φ⟩ is unconditional mixture fraction mean, ⟨u′iΦ′⟩ is the turbulent
scalar flux, ⟨U i⟩ is the mean of the velocity component of inter-
est, ⟨u′2i ⟩ is the velocity fluctuation variance, ωi is the sample space
variable for the velocity vector, and i indicates the direction of the
velocity vector component ( , r).
The results for the mixture fraction conditioned on velocity at
1/2 reactor height are presented in Figs. 11 and 12. These show that
predictions using the linear model agree well with the experimen-
tal data near the center of the reactor at streamline point A. Recall
that it is at this location that the PDF of the mixture fraction is most
accurately modeled as a Gaussian distribution, and the linear model
is derived using the assumption that the relevant PDFs are Gaus-
sian. For basepoints B and C, the experimental data deviate more
from the predictions of the linear model; nevertheless, a good agree-
ment is still found for velocities within ±2Urms of the mean. Because
the tangential velocity is the most dominant component and has
greater variations at the location of interest, the linear model pro-
duces a better prediction for the mixture fraction conditioned on ωr
as compared to when Φ is conditioned on ω . Moreover, the overall
prediction improves at higher Reynolds number as the fluid mixing
is enhanced.
IV. SUMMARY AND CONCLUSIONS
A quantitative analysis was done to validate the performance
of the linear and PDF gradient diffusion models in turbulent
swirling flow of a macroscale multi-inlet vortex reactor (macro-
MIVR). The predictions of these models were compared with
experimental data obtained using the simultaneous stereoscope
particle image velocimetry (stereo-PIV) and planar laser induced
fluorescence (PLIF) measurement techniques. The experimental
data included the ensemble averages of velocity conditioned on the
mixture fraction (⟨U i|ξ⟩) and mixture fraction averages conditioned
on the velocity (⟨Φ|ωi⟩). The results suggest that the linear model
provides a good prediction for all three conditional velocity com-
ponents for basepoints located away from the reactor center. In this
region, the velocity gradients are small, and the micromixing time is
the highest.31 It was found that, near the reactor center, the radial
(transverse) and axial (out of plane) velocity components tend to
deviate from the linear model predictions for concentration events
greater than two standard deviations from the mean. The trans-
ported PDF gradient model with an isotropic turbulent diffusivity
was also used to predict the velocity conditioned on the mixture
fraction. Due to variable turbulent diffusivity in all directions, the
simple PDF model performed inadequately for the tangential and
axial conditional velocities. Therefore, a modified version of the
PDF model that considers three components of the turbulent dif-
fusivity was used. It was found that this modified model produces
better agreement with experimental data, especially for basepoints B
and C picked in the spiral arms regions of significant concentration
gradients. Finally, the mixture fraction conditioned on the velocity
components showed a more linear behavior near the center of the
reactor where the PDF of the mixture fraction is a Gaussian dis-
tribution. Away from the reactor center, ⟨Φ|ωi⟩ deviated from the
linearity, especially for events greater than two standard deviations
of the tangential velocity.
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